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Abstract
Using original Symmetrical Smoothing Method we solve hypergraph (3, k)-Turan problem
Let X be a finite set |X| = n. Define
(
X
k
)
to be the family of k-element subsets of
X . We say that family (hypergraph) A ⊂
(
X
3
)
satisfies (3, k)-Turan property if for the
arbitrary A ∈
(
[n]
k
)
it follows that
|B ∈ A : B ∈ A| <
(
k
3
)
.
There is a number of sites and conferences devoted to this problem (see [3], [4], [5]). We
investigate the following
Problem. For given n > k > 3 find the maximal (at least one) family which satisfies
(3, k)- Turan property.
This is famous Turan problem. Actually Turan problem in general case (not only 3-
hypergraph but m-hypergraph) is the key problem in Erdos’s extremal combinatorics.
And the case m = 3 is the first nontrivial case of great importance. For the surveys and
references see [1], [2].
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Next we assume that (k − 1)|n. For other cases it is necessary to find proper explicit
symmetrical constructions for the optimal Turan hypergraph. I am lasy to do this and it
is not needed for asymptotic Turan problem (see [7], [6]).
To solve this problem we make some preliminary preparations.
We use the natural bijection between 2[n] and {0, 1}n and don’t make difference be-
tween these two sets.
Define
ϕ(x) =
1√
2π
∫ x
−∞
e−ξ
2/2dξ,
N({σ}) = ∑
x∈([n]3 )
ϕ
(((
M∑
i=1
ϕ (((x, βi)− 3)/σ)
)
− 1/2)
)
/σ
)
,
R({σ}) =
(
n
k
)
−∑
K
∑
x∈K
ϕ
(((
ϕ
((
M∑
i=1
ϕ (((x, βi)− 3)/σ)
)
− 1/2)
)
/σ
)
− (1− ǫ)
)
/σ
)
.
Here K ′s are complete 3-hypergraphs on vertices K ⊂ [n], |K| = k. It can be easily
seen that N is convex and R is concave function of {βi}. We assume that only three
coordinates are nonzero and these nonzero coordinates are equal to 1.
We have for N → M/2 as σ → 0 and if hypergraph has (3, k)- Turan property, then
R = o(1) as σ → 0.
Necessary and sufficient condition for minimization of M is the Kuhn- Tucker condi-
tions:
N ′βi,j = λR
′
βi,j
, (1)
R = o(1), σ →∞.
Consider the following well known construction of (3, k)-Turan hypergraph. We de-
scribe the complement hypergraph T¯ =
(
[n]
3
)
\ T . We divide set of vertices [n] into k − 1
equal parts B1, . . . , Bk−1 of size n/(k−1). Hypergraph T¯ consists of edges in each part Bi
and all edges such that each of them has two vertices in Bi and one vertex in Bi+1|modk−1.
It is easy to see, that T satisfies (3, k)-Turan property.
Note that we find solution of (1) not among all vertices βi but with specific condition
that only three coordinates βi,1, βi,2, βi,3 are nonzero and βi,1 + βi,2 + βi,3 = 3.
Assume that βi,1 = βi,2 = βi,3 = 1. It is easy to see that
N ′βi,1 = R
′
βi,1
= 0
2
if (βi,1, βi,3) are on the positions of x which belongs the same cell T¯r and
N ′βi1,1 = N
′
βi2,2
,
R′βi1,1
= R′βi2,2
if (βi1,1, βi2,2) are components of consecutive (cyclically) sells. From here it follows that
there exists unique λ such that equations (1) are satisfied and hence construction of T is
optimal.
Easy consequence of optimality of T is the validity of the following famous Turan
Conjecture 1
lim
n→∞
|T |(
n
3
) = 1− ( 2
k − 1
)2
.
At last note that original Symmetrical Smoothing Method allows to prove optimality of
the solution of extremal problems for (binary and not only) sequences in many cases when
sufficiently symmetric constructions which are optimal are suggested. We are going to
show how to solve many such problems in forthcoming papers.
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